NON-COMMUTATIVE METRICS ON MATRIX STATE SPACES 



WEI WU 

Abstract. We use the theory of quantization to introduce non-commutative 
versions of metric on state space and Lipschitz seminorm. We show that a 
lower semicontinuous matrix Lipschitz seminorm is determined by their matrix 
metrics on the matrix state spaces. A matrix metric comes from a lower 
semicontinuous matrix Lip-norm if and only if it is convex, midpoint balanced, 
and midpoint concave. The operator space of Lipschitz functions with a matrix 
norm coming from a closed matrix Lip-norm is the operator space dual of an 
operator space. They generalize Rieffel's results to the quantized situation. 



1. Introduction 

In the non-commutative geometry, the natural way to specify a metric is by 
means of a suitable "Lipschitz seminorm" glE]. Given a triple {A,Ti,D), where 
^ is a unital C* -algebra, D is the generalized Dirac operator on the Hilbert space 
H such that {H, D) is an unbounded Fredholm module over A. The set C{A) of 
Lipschitz elements of A consists of those a ^ A such that the commutator [Z?, a] is 
a bounded operator on TL. The Lipschitz seminorm, _L, is defined on C{A) just by 
the operator norm L{a) — \\ [_D, a]||. Using L, Connes defined a metric on the state 
space S{A) of A by the formula 

V) = sup{|¥>(a) - ^A(a)| : a G C{A),L{a) < 1}. 

This metric generalizes the Monge-Kantorovich metric on probability measures. 

In 1 Rieffel extended this idea to the order unit space and discussed the rela- 
tionship between the metrics on the state space and Lipschitz seminorms. A matrix 
order unit space (V, 1) is a matrix ordered space V together with a distinguished 
order unit 1 satisfying the following conditions: 

(1) is a proper cone with the order unit 1; 

(2) each of the cones Af„(V)^ is Archimedean. 

The basic representation theorem of Kadison|ll| says that any order unit space 
is order isomorphic to a subspace of C{X), the continuous functions on a com- 
pact set X, closed under conjugation and containing the identity function. As 
the non-commutative analogues of Kadison's function systems, operator systems, a 
self-adjoint linear space of operators on a Hilbert space which contains the iden- 
tity operator, have been characterized by Choi and Effros as matrix order unit 
spaces: every matrix order unit space is completely order isomorphic to an opera- 
tor system^. It is therefore only natural to ask whether the metrics on the state 
space and Lipschitz seminorms generalize to this non-commutative setting, and in 
this paper we give an affirmative answer to this question. 
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We begin with the explanation of terminology and notation. We proceed by 
defining the non-commutative analogue of Lipschitz seminorm and discuss some 
elementary properties of it. The next step is to prove the non-commutative version 
of the fact that the lower semicontinuous Lipschitz seminorms are determined by 
their metrics on the state spaces. In section |S| we define the non-commutative 
analogue of the metric on compact convex sets, and discuss the relation of matrix 
metrics on matrix state space and matrix norms on dual operator space. Using 
the results of section |S1 we prove, in sectional that as in the commutative case, a 
matrix metric comes from a lower semicontinuous matrix Lip-norm if and only if it 
is convex, midpoint balanced, and midpoint concave. We conclude in section[71with 
an operator analogue of the well-known result that the space of Lipschitz functions 
with a norm coming from some Lipschitz seminorm is the dual of a certain other 
Banach space. 



2. Terminology and notation 



All vector spaces are assumed to be complex throughout this paper. Given a 
vector space V, we let Mm^niV) denote the matrix space of all m by n matrices 



,] with Vij e V, and we set M„(V") = M„,„(F). If V 



we write M„ 



M™,„(C) and M, 



(C), which means that we may identify Mm.n{y) with 
the tensor product M^.n^V . We identify Mm,n with the normed space S(C", C™). 
We use the standard matrix multiplication and *-operation for compatible scalar 
matrices, and 1„ for the identity matrix in Af„. 

There are two natural operations on the matrix spaces. For v e Mm.n{y) and 
w e Mp^q{V), the direct sum v ® w & Mm+p,n+q{V) is defined by letting 



V 
w 



and if we are given a S Mm,p, v g Mp^q{V) and /3 £ Mq_m the matrix product 
avP e Mm,n{V) is defined by 



aw/3 = 



k,l 



A *- vector space 1^ is a complex vector space together with a conjugate linear 
mapping v i — > v* such that v** = v. A complex vector space V is said to be matrix 
ordered if: 

(1) F is a *- vector space; 

(2) each M„(F), n g N, is partially ordered; 

(3) 7*M„(F)+7 C M„i{V)^ if 7 = [7^^] is any n x m matrix of complex 
numbers. 

A matrix order unit space (V, 1) is a matrix ordered space V together with a dis- 
tinguished order unit 1 satisfying the following conditions: 

(1) is a proper cone with the order unit 1; 

(2) each of the cones M„(V)"'" is Archimedean. 

Each matrix order unit space (V, 1) may be provided with the norm 

tl 



= inf U e 



V 

tl 



> 
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As in jTl], we will not assume that V is complete for the norm. 

If V and W are *-vector spaces and (p : V i — > 14^ is a linear mapping, we have 
a linear mapping ip* : V i — > W defined by (p*{v) = ip{v*)* . 

Given vector spaces V and W and a linear mapping (p : V i — > W and n G N, 
we have a corresponding (pn : Mn{V) i — > Mn{W) defined by 

If V and are vector spaces in duality, then they determine the matrix pairing 
<•,•>: Mn{V) X M^{W) ^ M„„, 

where 

< [Wy], [Wfci] >= [< Vij,Wkl >] 

for e M„(y) and [w^] e M™(T/F). 

A graded set S = (Sn) is a sequence of sets S'„(n G N). If F is a locally convex 
topological vector space, then the canonical topology on Mn{V)(n E N) is that 
determined by the natural linear isomorphism AIn{V) = V" , that is, the product 
topology. A graded set S = (S'„) with 5„ C Af„(V") is closed if that is the case for 
each set Sn in the product topology in M„(F). Given a vector space V, we say 
that a graded set B (Bn) with i?„ C Mn{V) is absolutely matrix convex if for all 
m, n € N 

(1) Bjn © -B„ C B„i+n', 

(2) aBra(3 C _B„ for any contractions a G Mn^m and /3 G Mm,n- 

Let F and be vector spaces in duality, and let S — (Sn) be a graded set with 
S„ C M„(V'). The absolute operator polar S® = (S®) with S*® C M„(VF), is 
defined by S® ^ {w e Mn{W) : || < w, w > || < 1 for aU v e Sr,r e N}. 
A gauge on a vector space 1^ is a function g : V i — > [0, +oo] such that 

(1) g{v + w) < g{v) +g{w); 

(2) g{av) < \a\g{v), 

for all v,w Cz V and a e C. We say that a gauge g is a seminorm on V if .g(u) < +cx) 
for all V V. Given an arbitrary vector space V, a matrix gauge Q = (g„) on V is 
a sequence of gauges 

gn : M„(T/) ^ [0,+cx)] 

such that 

(1) 5m+„(u © w) = max{g„(u),g„(w)}; 

(2) 5n(ai;/3) < ||a||g™(t;)||/3||, 

for any v e Mm(V"), w G Af„(F), a e Mn,m and /3 e Mm^„. A matrix gauge Q — 
{gn) is a matrix seminorm on F if for any n G N,5„(u) < +oo for all v S M„(F). 
If each gn is a norm on Mn{V), we say that C/ is a matrix norm. An operator space 
is a vector space together with a matrix norm on it. For a matrix order unit space 
(V, 1), it is an operator space with the matrix norm determined by the matrix order 
on it. 

3. Matrix Lipschitz seminorm 

We recall that a Lipschitz seminorm on an order unit space S' is a seminorm 
on 5* such that its null space is the scalar multiples of the order unit^^. When 
we have a triple {A,T-L,D) as in the introduction, we obtain a sequence of triples 
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{Mn{A), H", Dn) and a sequence of seminorms L„(a) = || [Z)„, a]\\ on each Mn{C{A)). 
These seminorms are hnked by the following fundamental relations: 

(1) the null space of each L„ contains M„(C1); 

(2) Ljn+n {v ®w) ^ max{Lrn{v) , Lniw)}; 

(3) i„(««/3) < MLraiv)\\f3\\; 

(4) = 

where 1 is the identity of A, v & Mjn{^{A)), w € M„(£(^)), a e M„^m and 
/3 G Mm,n- Inspired by the observation, we give our non-commutative analogue of 
a Lipschitz seminorm|18). 

Definition 3.1. Given a matrix order unit space (V, 1), a matrix Lipschitz semi- 
norm £ on (V, 1) is a sequence of seminorms 

L„ : M„(V) ^ [0,+oo) 

such that 

(1) the null space of each L„ is Af„(Cl); 

(2) Lm+n{v e w) = max{L™(w), i„(u))}; 

(3) Lniav(3) < \\a\\Lm{v)\\P\\; 

(4) = L^v), 

for any u G A/„(V), w G A/„(V), a G M„,„ and /? G M™,„. 

Example 3.2. Let G be a compact group with identity element e. We suppose 
that G is equipped with a length function I, that is, a continuous non- negative 
real- valued function on G such that 

(1) l{xy)<l{x)+l{y), 

(2) l{x-^) = l{x), 

(3) l{x) = if and only if x = e, 
for all x,y ^ G. 

Let a be an ergodic action of G on a unital C*-algebra A. For a — [a^] G Mn{A) 
and n G N, we set 

r / N / \\[o^x{aij) - aij]\\ \ 

We let V denote the set of Lipschitz elements of A for a and ^ with corresponding 
Lipschitz seminorm Li. Then C — (i„) is a matrix Lipschitz seminorm on (V, 1), 
where 1 is the identity element of A. 

If V is an operator space, we let CB{V, A/„) denote the vector space of completely 
bounded linear mapping ip : V i — > Mn, on which we place the completely bounded 
norm || • ||c6. By the isometric identification 

M„(V*)^C6(V,M„), nGN, 

the matrix norms on V* determine the operator space dual V* of V(see Lemma 2.1 
in [S] and Proposition 2.1 in [2]). This operator space dual and the matrix pairing 
substitute the Banach space dual and the scalar pairing in the transition from the 
commutative to the non-commutative case. 

Let (V, 1) be a matrix order unit space. The matrix state space of (V, 1) is the 
collection CS{V) — (CS'„(V)) of matrix states 

CSn{V) — {if e CB{V,Mn) : is completely positive , ip{l) — 1„}, 
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[TT)l If C ~ {Ln) is a matrix Lipschitz scminorm on (V, 1), then, for each n G N 
we can define a metric Dl^ ■ CS'„(V) x CS'„(V) i — > [0, +oo] by 

Dl^{(P,iP) = sup{|| < (^,a > ~ < -0,0 > II : a e Mr{V),Lr{a) <l,r e N}, 

where ip,ip CSn{V) and we should notice that it may take value +oo. Denote 
Vc = {Dl„)- And in turn we can define a sequence C-Dc — {Ldl ) of gauges on 
(V, 1) by 



Ldl^ (a) = sup 
for aU a E M„(V). 



II < (^,a > - < V^a > II 



Proposition 3.3. Let C ~ {Ln) be a matrix Lipschitz seminorm on the matrix 
order unit space (V, 1). Then we have 

DL^{(p,ij) = sup{|| < (^,a > - < -0,0 > II : a = a* e Mr{V),Lr{a) <l,r E N}, 
for ip,^ECSniV). 

Proof. Assume that -0) = c < +oo. For arbitrary e > 0, there exist r e N 

and a G Mj.(V) with Lr{a) < 1 such that || ^ a ^ — <C 0, a » || > c — e. Let 

6 = 1 !! . We have that 6 = 6* e M2riV), and 



a* 





'a ■ 




■ 


1 ■ 


^ < L2r 


'a ' 




( 


a* 




1 





a* 


) 



L2r{b) — L2r 

= max{Lr(a), Lr(a*)} — Lr{a) < 1 



and 



< <y9,6 > - < -0,6 >|| 

<</J,a>-<0,a> 
(< (^,a > - < -0,0 >)* 
<((9,a>-<-0,a> 

(< (/3,a > - < -0,0 >)* 

= max{|| < (^,a > - < V^,a > II, ||(< (^,a > - < 0',a >)*||} 
= II < (^,a > - < ^/;,a > II 
> c - e. 

By the arbitrariness of e, we obtain that sup{|| ^ (/?, a ^ — <C "0, a 3> || : a — a* E 
Mr{V), Lr{a) < l,r E N} = c. If DL^{ip,tlj) — +oo, it can be proved similarly. □ 



Proposition 3.4. Let C — (Ln) be a matrix Lipschitz seminorm on the matrix 
order unit space (V,l). Then Cx>c — {Ldl^) is a matrix seminorm on (V, 1) and 
satisfies that 

Ldl^ (a*) = Ld^^ (a) and Ld^,^ (a) < Ln{a), 



for alln eN and a E M„(V). 
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Proof. For any v <E M„(V), w G Afm(V), a € Mm,„ and (3 € M„,m, we have 

^ sup I ll<<^.^e^>>-<^y e^»|| : ^, ^ g C5.(V), ^ ^ ^, r g n} 

= sup I ll<<y.^>>e<<v^.^>>j<<V-,^->>e<<V>,.«>>|| e CSr{V),<p e n} 

= sup! ll<<<^-->>-<<'^4^5S)'"'''^"^^^'"'''^^'' ^ '^'^ ^ ^^'■(^)' ^ 7^ g n} 

_ „„„ ) max{||<y,i;»-«i/i,t>>||,||<y,w»-<V;,w»||} . 

ip,iljeCSr{V),ipj^ij,ren} 
= max{LDr,„{v),LDL^iw)}, 

and 

Lz,,^ (avP) = sup { ll<<v^."^^>>-<y,a./3>>|| : ^, ^ g C5.(V), ^ ^ V, r- e n} 
^ sup { ll(^^i.)(<<^^>>-<;.^>>)(/^^^i.)ll : V g gg.(V), y ^ ^, r g n} 
< \\a\\Ln,Jvm\. 
So is a matrix gauge on V. For v G M„(V), we have 

L^,„ {V*) = sup { : V', ^ e C5,(V), <p ^ V, r e n} 

If a = [Ajjl] for some [Ay] e M„, then 

L^,„(a) = sup{MAMMg^p^:^,V'era.(V),^^^,reN} 
= = i„(a), 

since = = Ir- Suppose a G M„(V) \ M„(C1). For e CS'r(V), we 

have 

II < (^,a» - < V,a> II = ^n(a)|| <V5,x;^x^>-<^'r;fR> II 

Since this is true for any (fji/j G CSr{V), we get that Lbl^{o) < Ln{a). So 
Lu^^{a) < Ln{a) for all a G M„(V). This also indicates that ip) < +00 for 

all a G M„(V). Therefore, /Ipr is a matrix seminorm on V. □ 

Corollary 3.5. Let L = (Ln) be a matrix Lipschitz seminorm on the matrix order 
unit space (V, 1). Then the graded set 

where L]y^ = {a g M„(V) : Ldi^^ (a) < 1}, is absolutely matrix convex. 

Let F be a locally convex vector space, and let i be a gauge on V. Then L is 

lower semicontinuous if for any net {ax} in V which converges to a G V wc have 
L{a) < liminfA{i(aA)}. Equivalently, for one, hence every, t G R with t > 0, the 
set 

{aGV : L{a) < t) 

is closed in V. If V and W are two locally convex vector spaces in duality, we 
have that M„(F) and MmiW) are in duality under the matrix pairing. The weak 
topology on M„(F) is defined to be that determined by the matrix pairing. 
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Proposition 3.6. Let (V, 1) be a matrix order unit space, and let C — (Ln) be any 
matrix Lipschitz seminorm on (V, 1). Then Cvc = {^D^^ ) is lower semicontinuous, 
that is, each Ldj^^^ is lower semicontinuous. 

Proof. Suppose {a,;} is a net in M„(V) wliicii converges weakly to a G M„(V). For 
r G N, 9?, V' € CSr{V) witli (p 7^ ijj, we liave 



is small when i is large, and therefore, for each e > 0, 



\\ ^ if - ijj,a - a.i :$> \\ 



for i sufficiently large. It follows that 



< 



<C a, » — < > 



< sup 



<y,a»-<V',a» 11 

<y,ai»-<)/',ai>|| 



for i sufficiently large, and hence that 

II < (^,a > - < -0,0 > I 



ip,^ljeCSriV),ipy^^,reN'j+e, 



< liminf L^j^^ (oi) + e. 



Let e tend to 0, and then we get that Ldl^{(i) < liminfi Ld^,,, (fli). Therefore, 
Ldl^ is lower semicontinuous. □ 

4. Recovering C from Vc 

Let (V, 1) be a matrix order unit space and let C = (L„) be a matrix Lipschitz 
seminorm on (V, 1). We denote by || ■ || = (|| • ||rt) the matrix norm determined by 
the matrix order on (V, 1). Since CI is a closed subspace of V, M„(C1) is closed 
in Af„(V) for each n G N by Proposition 2.1(2) in T5'. We may therefore use the 
identification 

M„(V/(C1)) 9^ Af„(V)/Af„(Cl) 

to define a matrix norm || • ||~ = (|| • ||~) on the quotient space V = V/(C1) from 
IMI = (II • llri) by Theorem 4.2 in 15 (or see 7 ). But in addition to this matrix norm, 
by identifying M„(V/(C1)) with M„(V)/M„ (CI), we may also obtain a sequence 
of quotient seminorm C = {Ln) from C. £ is also a matrix norm on V since the 
null space of each L„ is M„(Cl)(see page 173 in A ). It is clear that V is also 
self-adjoint since CI is self-adjoint. 
From Proposition 5.2 in 2HI> we have 

Lemma 4.1. Let (V, 1) he a matrix order unit space. For arbitrary r G N, we 
denote 

CBl{V) = {,f eMr{{Vy) : ||/||cb<2} 

and 

SBliV) = {/ G Mr-m*) : r = L WfU < 2}. 

Then 

CB^iV) C {(^1 - ip2+i{ip3 - ^i) ■■ V^ e CSr{V),i^ 1,2,3,4} 

and 

SBliV) = {(^1 - ^2 : ^« e C5,(V),z = 1,2}. 
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Here we view Afr((V)*) as the subspace of Mr{V*) consisting of those f G Mr{V*) 
such that f{a) = Or for a G CI. 

Lemma 4.2. Let (V, 1) be a matrix order unit space. Then for any f G Mr((V)*), 
we have 

Il/*l|c6 = ll/llch- 

Proof. Let || • || = (|| • |j„) be the matrix norm on (V, 1) determined by the matrix 
order on it. By Proposition 2.1 in 0, we have 



||/*||c6 = SUp{ 

= sup{ 

= sup{ 

= sup{ 

= sup{ 

^ sup{ 

= WfU 



< /*,a> II : a = [oy] G Mr{V),\\a\\r < 1} 

[r(a,,)]|| ■a=[a,^]eMriV),\\a\\r<l} 
[fia*^r]\\:a^[a,,]eMr{V),\\a\\r<l} 

[fia*M■■ci=[a^,]&Mr{V),\\a\\r<l} 

< /, [a*,] > II : a = [a^] G Mr(V), ||a||r < 1} 

< /, [a,y] > II : a [a,j] G Mr(V), ||a||r < 1} 



□ 



For a matrix Lipschitz seminorm C = {L„) on a matrix order unit space (V, 1) 
and t > 0, denote by £* the sequence of sets 

L*, -{aGA/„(V): L„(a) < t}, 
and by £ = (^n) the norm closure of £*, that is, each L„ is the norm closure of 

Lemma 4.3. Let (V, 1) be a matrix order unit space, and let C — (Ln) be a matrix 
Lipschitz seminorm on (V, 1). For n G N, define L„ : M„(V*) i — > [0, +oo] by 

<(/)=sup{|| «/,a» II : aeLl,reN}, f E M^iV*)- 

Then C = [L^) is a matrix gauge on V* , and 

=sup{|| < /,a> II : aGLi,a==a*,rGN}, 

/or / G Af„(V*), and 
for ip,ij£CSn{V). 

Proof. It is easy to verify that C — is a matrix gauge on V*. 

For arbitrary r G N and a E L}., we have that Lr{a*) = Lr{a) < 1. Since 

L. 





■ a ■ 




■ a ■ 




■ 


1 ■ 




'a ■ 




( 


a* 


a* 




1 





a* 


) 



we get that L2 



So 



a 
a* 



2r 



< L2 

a 
a* 



a 
a* 



Similarly, we have 



< L 



2r 



a 

a* 






a 




a 







a* 










a* 


) 



Lr{a) < 1. 
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Given / S M„(V*). We have 





■ a' 

a* 


> 








< /, a > 











«/, 


a* > 



< /, a > 

< /, a* > 

> II < /,a> II. 



Then L'jf) < sup{|| < /, a > || : a e L^, a* = a, r e N}. Therefore, 

=sup{|| < /,a> II : aeLl,a^a*,ren}. 

For <p,V' G CS'„(V), we have 

L'.^{if - = sup{|| < - V, a > II : a e i^,r e N} 

= sup{|| < .^,a >-< V^, a > II : a e Li,r e N} 



□ 



Theorem 4.4. Lei (V, 1) he a matrix order unit space, and let C = he a lower 
semicontinuous matrix Lipschitz seminorm on (V,l). Then 

Proof. The generahzed bipolar theorem says that (£i)®® is the smallest weakly 
closed absolutely matrix convex set containing £^ (Proposition 4.1 in |S]). Because 
the closure of a convex set in a locally convex topological vector space coincide 
with the closure under the weak topology, the bipolar theorem says also that the 
absolute operator bipolar of £^ is the smallest norm closed absolutely matrix convex 
set containing . Since C — {Ln) is a matrix gauge, is absolutely matrix convex. 
The lower semicontinuity of C implies that is norm closed. Thus 



in 



But for n € N, we have 
= {/eM„(V*): 



< /, a > II < 1 for all a E Mr{V),Lr{a) < 1, r e N} 



= {/eM„(V*): L„(/)<1} 



and 



= {feAUV*):L'M)<l}^ 

= {ae Af„(V) : II « /, a » II < 1 for all / G A/,(V*), L^/) < 1, r G N}. 

Suppose a e M„(V) with Ld^^ (a) < 1. Then || < a > - < a > II < 
DL^{(p,ip) for all ip,ip G CSr{V) and arbitrary r G N. So by Lemma f4. 31 we have 
that II ^ iy9, a » — <C V'l « ^ II < L^{lp — tp) for all tp,^p £ CSriV) and arbitrary 
r G N. Thus for / G ^^^(V) and r G N, we have 

II «/,a» II <<(/) 

by Lemma l4. II 
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Given / e CB^{V). We have 

/ 
/* 



< 





■ / ■ 






/* 






■ / ■ 






/* 





1 

1 

cb 

max{||/||c6, \\f*\\cb} 
\\f\\cb<2 



by Lemma Thus 

< L 



/ 

/* 

/ 

/* 



a > 



that is, if / e Mr{V*) with < 1, then || < /, a > || < 1. Now, we have 

that a e (Ll)®®. So a e L\. Therefore, L„(a) < Ln^^ia) for aU a e M„(V). 
Combining this and Proposition 13 . 41 we obtain that L„ ~ Ljj^^. So /C-p^ — C □ 

Corollary 4.5. Let (V, 1) he a matrix order unit space, and let C = (Ln) be a 
matrix Lipschitz seminorm on (V, 1). Then Cx>c is the largest lower semicontinuous 
matrix Lipschitz seminorm smaller than C, and Dc-d = T^C- 



5. Matrix norms from matrix metrics 

In this section, we discuss the relation of the matrix metrics on C5(V) and the 
matrix norms on (V)*. Firstly, we make: 

Definition 5.1. Let F be a vector space and let K ~ [Kn) be a graded set with 
Kn ^ Mn{V). A matrix metric T) — (Dn) on K is a sequence of metrics 

Dn-. K^xKn' — > [0, +oo) 

such that 

(1) if X, M G Kjn and y,v G Kn such that x(By,u(Bv € K,n+n, then £>„i+„(a; ® 
y,u®v) ^ max{An(a;, u), Dn{y, v)}; 

(2) if x,u G K„i and a G Mm,n with a* a — 1„ such that a*xa,a*ua € if„, 
then Dn{a*xa,a*ua) < Drn{x,u). 

Example 5.2. Assume C — is a matrix Lipschitz seminorm on the matrix 

order unit space (V, 1) and the image of L\ in V is totally bounded for || • |j J^. Then 
the sequence of metrics Dl^ defined in sectional is a matrix metric on C5(V)(see 
Theorem 5.3 in IS ). 

Suppose if is a convex subset of a vector space V . A metric p on iC is convex if 
for every x,y,zGK and t G [0, 1] we have 

p{x, ty + (I - t)z) < tp{x, y) + (I - t)p(x, z). 

A metric p on is midpoint balanced if whenever x,y,u,v G K and 

X + V y + u 
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holds, it follows that p{x,u) — p{y,v). A metric p on if is midpoint concave if for 
any x, y,u,v ^ K we have 

fx + uy + v\^l,. . , 

m 

A matrix convex set in a vector space 1^ is a collection K — (Kn) of subsets 
Kn C M„(y) such that 

k 

i=l 

for all e Kn^ and 7^ G Af„,,„ for « = 1, 2, • • • , fc satisfying X^Li 71* 7^ = InCSlEI 

m- 

Definition 5.3. We say that a matrix metric V = on a matrix convex set K 
in a vector space V is convex if each I?„ is convex; V is midpoint balanced if each 
Dn is midpoint balanced; V is midpoint concave if each Z3„ is midpoint concave. 

Lemma 5.4. Lei (V, 1) be a matrix order unit space, and let V — (Dn) be a matrix 
metric on CS{V). If V is convex, midpoint balanced and midpoint concave, then 
there is a norm on each real vector space MS'i?^(V) such that 

Q'i{a*fa) < ||a|pQl(/), 

(/e<?) = max{Q„(/),Q„(g)}, 
for f e RSBlXV), g e KS'-B^(V) and a e M„,„, and 

for all Lp,i,<^ CSn{V). 

Proof. By Lemma O we have that ^^^(v) = CS'„(V) - CSn{V){n e N). For 
f^ip-^e SBliV), where V G CSn{V), set 

Suppose (pi,^2,V'i,V^2 e C5„(V) and (^i - Vi = <^2 - ^/'2. Then ^2i±^ = 

and hence D„((/3i,V'i) = Dn{(p2,''p2) since I?„ is midpoint balanced. So (3„ is 

well-defined. 

If t e [-1,1] and / = V e SBl{V) with (^,-0 G CS'„(V), we have that 
tf = sgn(t)|t|(^ - V) = sgn(i)[(p - (ItlV- + (1 - \t\)^)]. So t/ e 5i?2(V) by the 
convexity of CS'„(V). For t e [0, 1], since 

Dn{V,i^) < D^{ip,t^J+{l-t)ip)+D„{tij+{l-t)ip,t^) 

< tD^{ip,i,) + il-t)D„{ip,^P) = D^{ip,i,) 

by the convexity of D„, it follows that tDn{(p, ip) = Dnifi ttp + {l — t)Lp). Therefore, 
Q'^itf) = Dni^,t^ + (1 - = tDniip,^) = tQ'M), and Q'j-tf) - Q;,(t/) = 
So 
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Now for f = (fii — ipi,g = ip2 — ^ SB'^{V) with iy3i, </?2, "01, ^2 G CSn{V} and 
f + gG SBl{V), we obtain 



' l/'l+V'2 ^ 



2D„(^i±^, < i?„(<^l, Vl) + £'n(¥'2, V2) 



by the midpoint concavity of D„. For fi = (fii — i^i € SB'^^{V) with t^i,'^! € 
CS'to(V) and /2 = </32 - "02 e ^B^Cp) with <(92,i/'2 e CS'„(V), we have 

<9m+n(/l®/2) = Q'm+ni^l ® V2 - i'l ® ^2) 

= max{Dm{(pi,'ipi),Dn{'P2,'4'2)} 
= max{Q„(/i),0^(/2)}. 

Given f = Lp-ijj e SBl^{V) with V' € CS'to(V) and a e M„^„ with a*a < 1„. 
Choose (/) e C5„(V). Since 



where 

/ " 
0„ 



" / ■ 




ifi — tp 




■ ■ 




■ V " 


0„ 




0„ 




(/) 




(/) 





6 



and Vi 





6 



e 5B^+„(V). So 





* 


■ / ■ 










0„ 




^/^n - a*a _ 



a* fa 



by the matrix convexity of CS{V), and hence 



<pi - V'l, 

, and <^i,<^2 € CS'TO+n(V), we see that 



e SBliV) 



f 
0„ 



/3 =0„ 



Qm+nifl - V'l) = Q'm+n 



f 
0„, 



Q'mif), 



where /3 = 
Denote 



y/l„ - a*a 



For / e W„, there is a t > such that tf e ^^^(v). Set 

Q:{f)=t-'Q:{tf). 
Then it is clear that Q'^ is well-defined and 

for s G R and / G If / = ii(</?i — V'l) G Wn and <? = t2(</'2 — ^"2) G M^n with 
(fii, ^P2,i^i,i^2 € C^nCl^) and ti,t2 > 0, we may assume that ti, t2 > 1, and then we 
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have 



= Q':{{ti+t2){^^^^^^*-^t^ 

{ti+t2)QUj^f + j^^9) 

f)+{h+t2)Q', 



tl+t2 



< 



Qnin + Qnig), 



and for a G Mn^m, we have 



ha 



h\\arQ:{{^) = \\arQ:{f) 



a a On,m and clearly it holds for a = On.m- Let / = ti/i € Wm with ti > 1 
and /i e S'B^(V) and 5 = t25i e with i2 > 1 and gi e ^^^(v). Setting 
t = max{ii, t2}, we have 



^ m-\-n 



if® 9) = 



m+n 



(t(^/i©^5i)) 



m+n V t 



(^/le^gi) =tnmx{g:„(i),Ql(f)} 



t max 



{gi (I) max{g:(/),g:(g)} . 



□ 



Theorem 5.5. Let (V, 1) be a matrix order unit space, and let V — {D„) be a 
matrix metric on CSiV). Then there is a matrix norm Q = (Qn) on (V)* such that 

for all n £ N and Lp,ij} £ CS'„(V),, and 

Qn{f*) = Qn{f), 

for each f G M„((V)*) and all n € N, if and only ifD is convex, midpoint balanced, 
and midpoint concave. The matrix norm Q is unique. 

Proof. The uniqueness follows immediately from the equality 

Qnif) = max{g„(/*),g„(/)} = Q2n 





■ /* 


■ 







/ ■ 




( 





/ . 


) = Q2n 







) 



where / G Af„((V)*). 

If g„(((C — V) = Dni^fijip), for all n G N and (p,4> & CSn{V), for some matrix 
norm Q = (g„) on (V)* satisfying g„(/*) = Qn{f) for each / G M„((V)*) and all 
rt G N, it is easily seen that T> is convex, midpoint balanced, and midpoint concave. 

Now suppose T> is convex, midpoint balanced, and midpoint concave. By Lemma 
15.41 there is a norm g„ on each real vector space M.SB'^{V) such that Q^{a* fa) < 
g;;(/) and gl+„(/ © g) = m^^{Qlif),Q2g)} for / € ^SBHV) and g G 
RSB^{V) and a G Afm,„, and Q'^{tp-i)) = Dn{ip, ^) for all CS'„(V). Denote 

C/„ = M.SBl{V) + ^^^^(V), n G N. 
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For f e Un, set 

Qn{f) = Q2n{ 

For f = t{ip - ip) e R5B2(V) with t > 1 and (p,xp e CS'„(V), we have that 



/ 
/* 



1 


'of 






t 


. / . 




cb 



\cb < 2, that is, i 



/ 
/ 



G SB^^iV). So 



Qn(/) = C([y 

Because T> = (-D„) is a matrix metric and 



2n 



/ 
/ 



1 


■ 


/ ■ 




■ / " 


t 


. / 





= ia* 


. -/ . 





■ 






" 





V _ 


a - a* 








where a = 



In, we get 




/ 

-/ 

(fi 

V 





(y9 ■ 




■ 


) 




V 




if 




1 


■ / 






t 


- 


/ . 


) 





ifi 



For f £ Un and c e C with c = rexp(i^), where r > and ^ e M, we have 



< \c\Q2n 



where 7 



cf 

(c/)* 

/ " 

/* 





= ^2n \1 
\c\Qn{f), 



/ 
/* 







|c|-^Qn(c/). So 



exp (-^2) 

Qn(c/) = \c\Qn{f). 



, and hence (3n(/) = Qn{c ^cf) < 



Obviously, this holds for c = 0. It is clear that Qn{f + 5) < Qnif) + Qn{g) for 
/, 5 e Un- Now assume that f G Un,g & Um and a e M^^n and /? e M„_to. Then 
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we have 



and 



.(a//3) 



< 



PWQni (^/pf 

mini 



:2m I 





\a\\\\l3\ 

^ 



/3|| 





PWQM) 



1/3 



Q2 



\\a\\ ||/3|| 





/ 
/* 

/ 

/* 







ln+va{f ffl 5) — Q2(n+m) 



Q2{n+m) 

max <^ 02,1 



/®5 




/ 1 
10 

2(n+m) 10 

1 
0/00 
/* 
5 
5* 
/ 
_ /* 

= ma.x{Q,nif),Qn{g)}- 





r ©5* 
0/00 
/* 
5 

.g* 



10 
10 
10 
1 



g 

9* 



By Lemma [4. II Un = Af„((V)*)(n G N). Therefore, Q = (Qn) is a matrix norm on 
(V)*. And 



Qn{f*) — Q2n\ 



{2n 



/* 
/ 

1 

1 
/ 
/* 



/ 

/* 



1 

1 



for aU / e M„((V)*). 



□ 



6. Matrix Lipschitz seminorms from matrix metrics 

The purpose of this section is to characterize the matrix metrics on CS{V) which 
come from matrix Lipschitz seminorms. 

Let (V, 1) be a matrix order unit space, and let V = {Dn) be a matrix metric on 
CSiy). We will refer to the topology on CiS(V) defined by V, that is, the topology 
on each CS'„(V) is induced by as the V -topology. The natural topology on 
CSiy) is the BW-topology, that is, topologies each CS'„(V) by BW-topologyT. 

Let V and W be two vector spaces, and let K — {Kn) be a matrix convex set 
of V. A matrix affine mapping from K to is a sequence F — (F„) of mappings 
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Fn-. Kn' — > MniW) such that 

Ck \ k 

i=l / 1=1 

for all Vi e Kn, and % G M„_,„ for i = 1, 2, • • • ,k satisfying X)iLi lili = 

A matrix convex set K = (Kn) of a locally convex vector space V is compact if 
each Kn is compact in the product topology in Mn(V). Given a compact matrix 
convex set K = (Kn) of a locally convex vector space. For r S N, let j4(K, A/^) 
to be the set of all matrix afhne mappings F = (Fn) : K i — > Mr, such that Fi 
is continuous. Using the linear structure and the adjoint operation in Mn{Mr), 
A(K., Mr) becomes a vector space with a *-operation under pointwise operations. 
Similarly, the order structure in M„(Mr) defines a positive cone in ^(K, Mr), where 
F > in A(K,Mr) if F„(w) > for all n S N and v € K^. So A{K, Mr) is a 
partially ordered space. If we denote I*^''^ — (In^) : K i — > Mr by In\v) — ln®\r 
for V e Kr,, then I^'') e A{K,Mr). We use the abbreviation I = I'l'. For F = 
€ j4(K, C) and any unit vector ^ e C" and v G /4r„, we have 

<F^{v)t^>=CFn{v)^^F,{CvO. 

So I is an order unit for y4.(K,C). It is clear that yl(K,C) is an order unit space. 
Let A{Ki,C) be the space of all continuous affine mappings from Ki to C. Then 
A{Ki,'C) can be made into an order unit space^T]. Define $ : yl(K, C) i — > 
A{Ki,C) by $(F) = Fi for F € A(K, C). Then <I> is a unital order preserving 
bijection of A(K,C) onto A{Ki,C). Identifying M„(A(K,C)) with A(K,M„), we 
may use the ordering on j4(K, il/„) to define a positive cone in M„(A(K, C)). In 
this way A(K, C) becomes a matrix order unit space(see page 313 in 16 ). We will 
simply denote the matrix order unit space A{K.,C) by A(K). 

A non-commutative version of the representation theorem of Kadison was proved 
in jJS] (Proposition 3.5 in P^Hj): 

Proposition 6.1. (1) If TZ is an operator system, then CS{TZ) is a self-adjoint 
compact matrix convex set in TZ* , equipped with the BW-topology, and A{CS(TZ)) 
and TZ, the completion of TZ, are isomorphic as operator systems. 

(2) If "K. is a compact matrix convex set in a locally convex space V , then ^(K) 
is an operator system, and K and CS{A(K.)) are matrix affinely homeomorphic. 

So we can view the matrix order unit spaces as exactly the dense subspaces 
containing the order unit I inside ^(K), where K is any compact matrix convex 
subset of a topological vector space. The following is a direct consequence of Lemma 
2.3.4 in 7 : 

Lemma 6.2. Suppose that V is an operator space with matrix norm || • || = (|| • ||n)- 
Let V* be the operator space dual of V, with matrix norm \\ ■ \\* = (|| • ||*). // 
Wo G Mn(V), then 

Ikolln =sup{|l < ^,z;o > II : H^'ll^ < 1, <y9 G M^(t/*), r € N}. 

Lemma 6.3. Suppose that V is a self-adjoint operator space with matrix norm 
II ' II = (II ' 11")- -^s^ ^* operator space dual of V , with matrix norm \\ ■ \\* = 

(II -ll;). If^(.Mn{V*), then 

\\ip\\*, = sup{|| < (^,1; > II : V* ^ve Mr{V), \\v\\r < l,r e N}. 
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Proof. By Proposition 2.1 in f2|, we get 

\Mn = sup{|| « » II : v e Mr{V), \\v\\r < l,r e N}. 
For V e Mr{V) with ||w||r < 1, since 



V 
V* 



2r 



V 
V* 



= max{||w||r, ||w*||r} = \\v\\r < 1, 



2r 



and 



<(p,f;> 
<^,i;*> 

> II <(p,i;> II, 



V 
V* ^ 
<<p,w> " 

<(y5,W*> 

we obtain that 

||(^||; < sup{|| ^^,v:$>\\: V* = v€ MriV), Mr < l,r € N}, 
and we are done. 



□ 



Definition 6.4. Let (V, 1) be a matrix order unit space. By a matrix Lip-norm 
on (V, 1) we mean a matrix Lipschitz seminorm C = {L„) on (V, 1) such that the 
I?£-topology on CS{V) agrees with the BW-topology. 

Example 6.5. The matrix Lipschitz seminorm C = (L„) on (V,l) as defined in 
Example l3.2l is clearly lower semicontinuous. From Proposition 3.1 in '18' , Theorem 
2.3 in (13| and its proof, we see that the image of Ll in V is totally bounded for 
II • 1 1 5^ by Theorem 1.8 in According to Theorem 5.3 in ^SIj we see that 

the I?£-topology on CS{V) agrees with the BW-topology. Therefore, £ is a lower 
semicontinuous matrix Lip-norm on (V, 1). 

Let (V, 1) be a matrix order unit space. Let .4 be a unital C*-algebra such that 
V CAandlA^ 1. Fix p e CSi{A). We define : A' — > Mr by 



p{a) 




p(a) 



aeA. 



Then for [a^] e Mr (A), we have 



1 



i=l 



It is clear that 5*^(1) is positive. So ^IT-* is completely positive(Theorem 5.1 in 1121') 

and $^'■^1) = Ir, that is, G CSr{A). Hence, e CS'r(V). 

Let I? ~ (Dn) be a matrix metric on CiS(V), we can define a sequence £p = 
(ii3„) of gauges on A{CS{V)) by 

||f(")(^)-f(")(V')|| 



i^jF^")) =sup. 



Dr{(p,Tl') 

where F^") € A(C5(V), M„), and then define a sequence £p = {L%^) of gauges on 
(V)* by 

LdM - sup{^||(FM(^l)-i^i'■)((^2))+^(Fi'■)(^3)-^^i'■^(^4))|| : 
iD.(FW) < 1,fM g A(C5(V),M^),r e N}, 
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where g = t[{Lpi-ip2)+i{^3-^Pi)\ & Af„((V)*) withipi,tp2,ip3,ip4 G CS'„(V) and i > 

0. Since we identify M„(A(C5(V))) and A(C5(V),M„), for F(") £ A{CS{V),M„) 
and 7 e Af„,^ we have that 7*f(")7 e yl(C5(V),M^) and {j*F^'''>'y)p{(p) = (7 (g) 
lp)*-Fp"^(<p)(7 fS) Ip) for (fi S CS'p(V). Clearly, Cv and £p are matrix gauges and 
the null space of each Ld„ is M„(CI). Denote 

= {F(") e v4(C5(V), Af„) : i^jFt")) < +00}, n £ N, 

and K = (X„). 

Suppose that V is convex, midpoint balanced, and midpoint concave. Then, by 
Theorem 15 . 51 there exists a matrix norm Q = (Qn) on (V)* such that Qni'P — ip) = 
Dniip, V) for all (p, V e CS'„(V), and g„(/*) = g„(/) for each / e A/„((V)*) and aU 
n G N. Let W denote the operator space (V)* with the matrix norm Q = (Q„). Let 
W* be the operator space dual of W, with the dual operator space norm Q'^ = (Qf^). 
Now we assume that the 2?-topology on CS{V) agrees with the BW-topology. 

Proposition 6.6. (1) K = {Kn) is an absolutely matrix convex set in A{CS{V)). 

(2) for g e A/„(W*), define cr(")(ff) : CS{V) 1 — > M„ by 

for ip GCSriV) and r e N, then (7(^(3) (z_K„ and LoJcr^^Hg)) < QHg)- 

(3) Kn = A(C5(V), M„), where K = (7?„) is the closure of K. 

Proof. (1) This follows directly from the fact that £p is a matrix gauge on A{CS{V)). 

(2) It is easy to see that M„(CI) C Kn. Let (/j; e CS'mi(V) and 7^ e Mmi,r, * = 

1, 2, • • • ,k, satisfying 22i=i llli = Ir- Then we have 

^^"H5)(Eli7>.7.) = «.9,Eti7>.7.-'i>l'''» 

= «5,Eli7*(^.-<i>^""^)7.» 

= Eti(7» < 5, V'^ - > (7^ 1«) 

= Etl(7. ® In)* CJ^n}{g){^i){l^ ® U), 

that is, cr*^"-'((7) is a matrix affine mapping from C5(V) to M„. For (p,^p & CSr{V), 
we have 

- ai'^HgmW - || « .9,<p- ^ » || 
< Qi{9)Qriip - V-) = Q^(g)i?.(^, V-)- 

by Lemma 1^?^ So a^^\g) is continuous on CSi{V) since I? gives the BW-topology. 
Thus cr("H3) e A{CS{V),Mn)- Moreover, we have that cr'-''\g) G Kn and L/, (cr(") 
(<?))< _ 

(3) Let K = (Kn) be the closure of K. Assume that / e [A(C5(V), M„)/M„ (CI)] 
\[i4r„/Af„(CI)]. By the matricial separation theorem(Theorem 1.6 in 16 ), ap- 
plied to A{CS{V))/{CT) and the closed matrix convex set K — {Kn/Mn{CT)) in 
A(C5(V))/(CI), there is a continuous linear mapping $ : ^(C5(V))/(CI) 1 — > M„ 
such that 

for aU r e N, g e if JA/^(CI) and 

Re$„(/) ^ 1„ (g) In. 
Since a'^''^Mr{W*)) C if^ for r G N, we have 

Re$,((T('')(5) + Cl('')) < l„(gl. 
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for all r e N, 5 e Mr{W*). Identifying $ with F e A/„((A(C5(V))/(CI))*) ^ 
M„((V)*) = M„(>V) by Proposition El this means that 

Re < F,g >< 1„ (g) 1^. 

So by the operator space duality of W and W* , we obtain F = 0„, that is, $(5) = 
for g £ AiCS(y))/{CI). Therefore, 

Re$„(/) = 0„x„ < In® 1„, 

a contradiction. Since M„(CI) C yl(C5(V), M„) n i?„, i?„ = yl(C5(V), M„). □ 

Proposition 6.7. If L'jj^{if ~ tp) — 7/;) /or (p,tp £ CS'„(V), t/ien £p is a 

lower semicontinuous matrix Lip-norm on (Ki,l[^^). 

Proof. It is clear that {Ki,l[^'') is a matrix order unit space as a subspace of 
A(CS{V)) and Ct> = {Ld„) is a matrix Lipschitz seminorm on it. Similar to the 
proof of Proposition 13. 61 we have that Cx) = {Lon) is lower semicontinuous. Since 
Ki is dense in A{CS{V)), CS{A{CS{V))) = CS{Ki). By Proposition 0;2), we 
obtain that CS{Ki) = CS{V). Since ^cj'/? - V") = D„{ip,^p) for ^ e CS'„(V) 
and clearly L'j^^if — ^j) — DL^^{(p,'ilj) for (p,'ip £ CS'„(V), the I?£j,-topology on 
CS{Ki) agrees with the BW-topology. Therefore, £-d is a matrix Lip- norm on 

For F(") = (i^i"^) € if„, define p1'^(F(")) : ^B^cp) ; — , M^(M„) by 

where ip = fi — ip2 G S'-B^C'^) ^'^d (pi,(p2 € CS'r(V). If also (p = (fs — (^4 for 
some </33,</?4 e CS'r(V), then ^((/Ji + 1^34) = ^{^2 + ^3)- These are elements of 
CSriV) and so i^i"^ + ^4)) = -F,-"^ (^(</32 + fyJs))- From the fact that F(") is 

matrix afhne it now follows that Fr"\ipi) — Fr^^\ip2) = Fr^\ip^) — Fr^\ip4). Thus 
p(")(F(")) = (p|'^(F("))) is well-defined. 

For ip — — (p2 & SB^{V) with <y9i, (^2 G CS'r(V), we have 

||p(")(F("))(^)|| = ||^^(")(^i) - F(-Hp2)\\ < Lz,„(F("))Q.(^). 

If t e [-1, 1] and / = - -0 e S'B2(V) with (p, V' e CS'^(V), we have that tf = 
sgn(t)(^ - (|t|^ + (1 - |t|)^)) e 5B2(V) and 

p("i'(F("))(i/) = p(:i'(F(»))(sgn(t)((p - dtlV' + (1 - |t|)^))) 

= sgn(t)[F(")((^) - + (1 - \t\)p)] 

= sgn(t)[F("H^) ~ - (1 - 

= sgn(i)|i|(Fi")(^) - F^-\^)) = tp(")(F("))(/). 

Let f — ipi — tpi and g = (p2 — G S'-B^C^') '^it^^ V'l , '/'2 , V": i V'2 € CS'r(V) and 
/ + 5 e S'B,2(V). Then we have 

p(:)(F("))(/ + .g) = 2p(")(F("))(/±^) 

= 2(_F^"^ ( '^-^''''^^ ) ^ V'i+'02 

= p(:)(F("))(/)+p(:i)(F("))(g). 
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If / e RSB^iV), then there is a i > such that tf G ^^^(v). Set 
pS(F("))(/)=i-VS(F("))(i/). 
Then it is clear that pl"^(F(")) = (/9t"2 (F^"))) is weU-defined and 

p("2HF("))(s/) = sp("2'(F("))(/), 

for s e R and / e RSB^{V). If / = ti{ipi - Vi) G RSB^{V) and g = t2{ip2 - 
1P2) G RSB'^{V} with Lpi,(f2,fpi,i^2 G C5r-(V) and ti,f2 > 0, we may assume that 
ti,t2 > 1, and then we have 

pg(F("))(/+5) = pl"i(F("))((ti^i+t2^2)-(iiV'i+i2V'2)) 

— ^(")('Tr(")A I /'V- _L A I *iyi+*2y2 _ *i^i+t2^2 \ \ 

= (t,+t,)p(;)(F("))rj^/+^5) 

= p(;^2HF("))(/) + p("2HF("))(5). 
For / = t/i G RS'B^cp) with t > 1 and /i e ^^^(V), we have 

IIp1?2'(F("))(/)|| = ||fpl:i'(F("))(/i)|| < iLz3„(F("))Q,(/i) = ii,„(F("))Q,(/). 
Now for / = /i + z/2 G M5B2(V) + iM5B2(v) with /i, /2 G M5B2(v), we define 
p(")(F("))(/) = pS(F("))(/i) +ipS(F("))(/2). 

Obviously, p(")(F(")) = (p^"^(F(")) is well-defined. 
Proposition 6.8. p^"^(F(")) G Ce(W,M„) = M„(W*). 

Proof. If a = ai + with ai , 0:2 G IR. and / = /i + «/25 = fli + *fl2 G MiS-B^C^^) + 
«5B2(V) with /i,/2,5i,52 G MS'B2(V), we have 

pf")(F("))(a/ + .g) 
= Plr2 (F("')(«i/i - a2/2 + 51) + i/9l;2^(F("))(ai/2 + a2/i + 52) 
= ap["\F("))(/)+p(")(F("))(5). 



For (pi,ip2 G CS'r(V) and a e M^,™ with a*a < Im, denoting 7 = 
we have 



y/lm - a*a 



a*{ipi - ip2)a = 7* 



(fl- (P2 

0^, 



7 = 7 



fl 



$ 



(m) 



7-7 



(/J2 



$ 



(m) 



NON-COMMUTATIVE METRICS ON MATRIX STATE SPACES 



21 



Then 



p(,:'(F(«))(a*((^i-¥'2)a) 



p(n) 



7 



'Pi 

$ 







f^l 

$ 





(m) 



$ 





(m) 



7' 

(7 O In) 

(7<^ In 



¥52 



$ 





(m) 



= (7 l„)*Fi"|, (Ciy^l^i* + 64"^ C2) (7 ® In) 

-(7 ® l„)*Fi"], (^1^2^!* + ^f^^Ca) (7 ® In) 

= (7 ® i„)* ((a ® i„)F^''\ipi){^i ® i„)* 

+ (6 ® l„)Fi"'($^,"^)(6 In)*) (7® In) 
-(7 5?' In)* ((6 ® l„)F^)(v92)(6 1,0* 
+ (6 ® ln)Klr^(*^,"^)(6 ® In)*) (7® In) 

= (a<E) l„)*F,("'((^i)(a ® 1„) - (a ® 1„)*J;'"' (^2)(a «> In) 
= {a® 1„) V["^(F("))(^i - V32)(a O 1„), 



where ^1 
have 



and ^2 = 



1„ 



So for tp e SB^{V) and a e M^,™, we 



p(;:)(F("))(a>a) = (l + ||a||)2pL"^(F("))(^^^) 
= (a®l„)v(")(F("))(^)(a0l„). 

Let ifi e 5B^(V) and a e M„,r, /3 e M^,™- Since 

aifP = ^{{a* + (3)*ip{a* + P)-i{a* +il3)*ip{a* 
-atpa* - P*(pP + iatpa* + i(3*ipl3), 

we have 

p(;'^(F("))(a^/3) 
= +/3) ® l„)V^")(F("))(^)((a* +/3)0 1„) 

+ il3) ® l„)vf"^(F("))((^)((a* + ^/3) ® 1„) 
-(a(^ l„)pl"^(F(«))(^)(a ® 1„)* - l„)V^"^(F("))(^)(/3 ® 1„) 
+i(a® l„)/7f"^(F(") )(¥>)(« O !„)* l„)*pf")(F("))(^)(/3® 1„)) 

= (a0l„)Pr^")(F("))((^)(/3€5l„). 

So for / = /i + i/2 e R5B2(V) + ^^^^^(V) and a e M^,^, /3 e M^,„, we have 
that af[3 — + «a/2/3, and hence 

p^^(F("))(a//3) 

= (a® l„)p(")(F("))(/i)(/3® 1„) +z(a® l„)p(")(F(«))(/2)(/3® 1„) 
= (a0l„)p("^(F("))(/)(/3 0l„). 
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Therefore, for / = [/y] e Mr{{V)*) = RSB^{V) + iRSB^{V), we obtain 
pl"'(F("))(/) = p(")(F(")) e*f,,ej) 

= E- ,=1 pl"^(F("))(e*/.,e,) = EL=i(e. ® (F("))(/,,)(e, ® 1„) 

= [pi"' (F(") )(/,,)] =« pI^Hf^")), [/„■] »=« pi")(F(")), / », 

where is the 1 x r matrix [ai fe] with ai.i = 1 and ai_fc = for k ^ i. Now we 
have 

||«pl")(F(")),/»|| = ||p(")(F("))(/)|| 
< Lz,„(F("))(Q,(Re/) + g.(Im/)) < 2iz3„(F("))g,(/) 

for / e Af^(>V). It foUows that pi"^(F(")) e CB{W, M„) = Af„(yV*). □ 
By Lemma 16.31 we have 

= sup{|| « p^"^(F(")),/ » II : Qrif) < l,r = / e Af,(W),r e N} 
= sup{||p["^(F("))(/)|| : Qr{f)<lJ* =feMrm,reN} 
= sup{||p^"2^(F("))(/)|| : Qrif) <!,/*-/€ MAW), re N} 
< £d„(F(«)). 

Let Kn = if„/Af„(CI). Since iD„(F(")) = for F(") e A/„(CI), Zd„(F(")) = 
ii5„(F(")) is weh-defined for F(") e A'„. pJ"^(M„(CI)) = 0„ imphes that pj"^ deter- 
mines a hnear mapping p^"^ from (A'„, Ld„ ) to (Af„(>V*), Q^) and Q^(p^"^ (F^"))) < 

Let CT*^"' be the mapping, defined in Proposition from A/„(W*) to A{CS{V), 
M„). Let a^") denote cr^"^ composed with the mapping from A(C5(V),M„) to 
A(C5(V), M„)/M„(CI). Then Li5„(a(")(5)) < Qj[(g) for g e Af„(W*). For F(-) = 
(F^"^) e if™, V5 e CS'^(V), we have 

a(")(p(")(F(")))M =« p1")(F(")),^- ^f'^) » 
= p("^(F("))(^ - ^^;^) = F^''\^) - F^''\<P^;^). 

Consequently, ct(") (p'"' (F^"))) = F^"). Similarly, for g = t[{ipi- ip2) + i{ip3~ ^i)] e 
Mn{W*) with t e R and (pi, '^2, "^ss, (^4 e C'S'„(V) and / e A/r(>V) we have 

= t < .9, (pi - <I>^''^ > -t < g, (p2 - 'Sp'^^ > 
+i< < g, (p3 - > -it < g, (p4 - 'I'p''^ > 

so that Pi'\(^^"\g)) = g- Therefore, 

Proposition 6.9. (j*^"' is an isometric isomorphism of {Mn{W*),Qn) onto {Kn, 
Ld„ ) with inverse p'"-* . 

Theorem 6.10. Cz) = (i_D„) is « lower semicontinuous matrix Lip-norm on 
{Ki,l[^^), and 

for (p,'ip e CSn{V) and n G N. 
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Proof. ForF(") e if„ and G^") e A/„(CI), we have Ld„ (F^") +G(")) = Li5„(F(")), 
and hence L£,„(F(")) = L£,„(F(")). Now, for g = t[{ipi - ^2) + iifs - Vi)] e 
with ifi,(p2,(p3,(p4 £ CS'„(V) and t > 0, we have 

LhA9) = snp{\\t[{Fi''\^,)^Fi'•\^2))+^{Fi'^\^s)-Fr['^\^,m\■■ 
Li5^(fM) < 1,fM e Af^(A(C5(V))),r e N} 



sup{||p(r)(FM)(g)|| 
sup{||p(:)(FW)(g)|| 
sup{||pl'-)(FW)(5)|| 



iD,(F('')) < 1,fW e A(C5(V),Af^),r e N} 
Lc^(fM) < 1,FW eKr,re N} 

iD,(FW) < i,fW e ii:^,r e N} 

sup{||pl''^(aM(/i))(5)|| : Qi{h) <l,he Af,(W*),r e N} 
= sup{|i </i,g» II : Q^(/i) < l,he MriW*),r eN} 

= Qn{g) 

by ProDOsitfon lfi.fil So for (p,tp ^ CS'n(V), we have 

and thus by proposition 16.71 Cv = {L d,^ ) is a fower semicontinuous matrix Lip- 
norm on {Ki,l']^^). □ 

Definition 6.11. By a matrix Lipschitz gauge on a complete matrix order unit 
space (V, 1) we mean a matrix gauge G = (G„) on V such that 

(1) the null space of each Gn is Af„(Cl); 

(2) Gniv*) = Gn{v) for any v G Af„(V); 

(3) {v eV : Gi{v) < +00} is dense in V. 

A matrix Lip-gauge can be defined similarly. 

li G = (Gn) on V is a matrix Lipschitz gauge on a complete matrix order unit 
space (V, 1), we can similarly define a matrix metric Vg = {Da„) on CS{V) by: 

Dg„{(P,'4j) = sup{|| < > - < 7/^,a > II ; a e Mr{V),Gr{a) <l,r e N}, 

where ip,^ ^ CS'„(V) (They also may take value +00). Given, on the other hand, a 
matrix metric T) = (Dn) on CS{V), we can also define a matrix gauge Gt> — {Gon) 
on (V, 1) by 

Gz3„ a = sup<^ ^ , : f.i'^ CS^ V , (/? 7^ V^, r e N 

for aU a e Af„(V). 

Theorem 6.12. Let (V, 1) be a complete matrix order unit space, and let V = {Dn) 
be a matrix metric onCSiV) such that the V-topology onCS{V) agrees with the BW- 
topology. Then T) comes from a lower semicontinuous matrix Lip-gauge Q = {Gn) 
on (V, 1), via the relation 

D„iip,4,) = i?G„(<^», /or (^,^ e GS„{V), n e N, 

if and only if V is convex, midpoint balanced, and midpoint concave. 

Proof. If V comes from a lower semicontinuous matrix Lip-gauge Q = (Cn) on 
(V, 1) via the relation Dn{ip, V') — Dcnifi i') for V' € CSniV), it is clear that V 
is convex, midpoint balanced, and midpoint concave. And the remain follows from 
Theorem EUni □ 
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7. The pre-dual of (V, C) 



Suppose (V, 1) is a matrix order unit space with operator space norm || • || = 
(II • ||„). Let (V, 1) denote the completion of (V, 1) for || • ||i. Given a matrix 
Lipschitz seminorm C — {Ln) on (V,l), we will denote by the norm closure 
of in (V, 1). Since in the operator space V, a sequence a'^^^ — [a,-*^''] in A/„(V) 

(k) 

converges if and only if the entries alj converge, we have that for all m,n G N, 
© L}^ C and aLj^P C Lj^ for any contractions a S A/„,,„ and f3 e Mm,n- 

Thus is absolutely matrix convex. So the corresponding Minkowski functionals 



associated with the convex sets L\ determine a matrix gauge C — ) on 
(V, l)(see page 171 in |H]). £^ is closed implies that £~ is lower semicontinuous. 

Proposition 7.1. Let C = (Ln) be a matrix Lipschitz seminorm on a matrix order 
unit space (V, 1). Then 

(1) C is lower semicontinuous if and only if is an extension of C; 

(2) Vc- = Vc on CS{V) = CS{V). 

Proof. (1) Suppose that C is lower semicontinuous and a G M„(V). If Ln{a) < 1, 
then a G £,\ C L}^, and so clearly L^{a) < 1. If L^{a) < 1, then a G Thus 
there is a sequence {ok} in which converges to a. From the lower semicontinuity 
of Ln it follows that Ln{a) < 1. So Ln{a) — L~{a) for a G M„(V). 

Conversely, if £^ is an extension of £, then for any t > 0, i*j = {a G M„(V) : 
L„(a) < i} = {a G Af„(V) : L~{a) <t} ^ L~*^ n Af„(V), and hence L^ is closed in 
Mn{V). 

(2) If G C5'„(V), we have 

D^-{(p,ilj) = sup{|| < .^,a > - < V^,a > II ; a G Li,r G N} 
= sup{|| < <^,a > - < ■(/',a > II : a G iit,r G N} 

since CS'„(V) = CS'„(V). □ 

Definition 7.2. Let (V, 1) be a matrix order unit space, and let C ~ {Ln) be a 
matrix Lipschitz seminorm on (V,l). The matrix gauge ~ (-^n) C'^i 1) 
called the closure of £. We say that a matrix Lipschitz seminorm C is closed if 
= £~ on the subspace where C~ is finite. 

Lemma 7.3. For b G Af„(V), Ln{b) < I if and only if b e L,\. 

Proof. It is clear that L~{b) < 1 if 6 G L^. Now suppose that L^ib) < 1. Then 
there is a sequence {A^} in R such that L^{b) < Afc < L~{b) + ^ and 5 G XkL^^. 
Let 6 = Afcfofe for some 5fc G and let G Ln such that ||6fe — Cfe||„ < ^. Then 



i„ (u) = inf A > : « G AL^ 





0, 



(fc -> +oo). 
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If L„ (b) = 0, then Ln{XkCk) = Afci„(cfc) < fc ^ < 1, and hence b = hnifc^oo AfcCfc e 
Li. If > 0, then 

\\b- L-{b)ck\\n < ||6-AfeCfe||„ + ||(Afe-L-(6))cfc||„ 

= Xk\\bk - Ck\\n + (1 - L;^{b)X^^)\\XkCk\\n 

< i(i-(&) + i) + (fcL-(6))-i|lAfcC,|i„ 
(fc^+oo). 

So & = limfe^oo Since Ln{L;;{b)ck) = L'^^{b)Ln{ck) < 1, we have that 
feefi. □ 

Lemma 7.4. £ is closed if and only if L\ = L^^. 

Proof If L}^ = L\, then for b E AIn{V) with L~(b) < +oo, we have that b e 
M„(V) and L-(6) = inf |r e K+ : be rL^j = inf{r e IR+ : 6 e rL^ } = L„(6). 

Conversely, assume that £ is closed. Then for b E L\ we have that L^{b) < 1 by 
Lemma O Hence b € M„(V) and L„(6) = < 1. So & G L^. Therefore, 

Li - . □ 

Suppose (V, 1) is a matrix order unit space with operator space norm || -H — (|| -Hn) 
and C = (L„) be a matrix Lipschitz seminorm on it. Denote 5*^ — {a E A/„(V) : 
Ln{a) < l,||a|j„ < t} for t > and n € N. We say that B* = (B^) is totally 
bounded for || • || if each is totally bounded for || • ||„. Vc = (Dl^) is bounded 
if every D^^ is bounded. Clearly, B* is totally bounded for || • || if and only if 
is totally bounded for || • ||i. 

Proposition 7.5. Let (V, 1) be a matrix order unit space with operator space norm 
II ■ II = (II ' \\n) (ind C ~ (L„) be a matrix Lipschitz seminorm on it. Then the 
following conditions are equivalent: 

(1) The Vc-topology on CS{V) agrees with the BW-topology. 

(2) The image of L\ in V is totally bounded for \\ ■ W^. 

(3) Z?Lj is bounded and B\ is totally bounded in V for \\ ■ |ji. 

Proof. By Theorem 5.3 in jJHIj (1) and (2) are equivalent. The equivalence of (3) 
and (2) follows from Theorem 1.8 and Theorem 1.9 in TS* and Proposition 3.1 in 

m ' ' ^ 

Let (V, 1) be a matrix order unit space, and let C = (Ln) be a matrix Lip-norm 
on it which is closed. Denote 

Kn = {he M„(V) : L„(5) < 1}, ne N. 

Then K = (Kn) is an absolutely matrix convex set in V. Because C is closed, the 
totally bounded set Bjj are complete for || • ||„ by Lemma 17^ and Proposition [^J 
so are compact. By Proposition 3.8 and Proposition 5.2 in J8,, there is a sequence 
{r„} of positive constants such that 

||a||,T < ?'„Z„(a), for a G M„(V) and n G N. 

Now we see that there is a t„ > such that 

= {a G M„(V) : L„(a) < 1, ||a||„ < i„} = {5 G M„(V) : a G S*,"}. 

Since the quotient mapping 7r„ : (M„(V), || • ||„) i — > (Af„(V), || • ||~) is a contraction, 
the image 7r„(i?* ) of the compact set B^ is compact. So Kn is compact for || • ||~. 
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Set 

G„ = {a e M„(v) : a* = a, L„(a) < i}, n e N. 

Then G = (G„) is a matrix convex set in V and G C K. The involution in V 

~. For 



preserves the matrix norm 
5, € Kn, we have 



|~ imphes that G is also compact for 
a = [ 1 ] 



" d ' 




■ " 


d* 




1 



So by Lemma 3.2 in "8 , K is the smallest absolutely matrix convex set containing 
G, and 

ET=i < Er=i < i«, ™ € n}. 

Denote 

Ao(G) = {F = (F„) e A(G) : i^„(0„) = 0„, n e N}. 
For fC^) = (Fi''^) e Mk(Ao(G)) = Ao{G,Mk), we define F^^) = (Pi''^) on K by 

where aj € M„,„^, 5^ e G„^., /3j € A/„j,„, SJLi "j<^i ^ and Y^'JLiPjPj < 
If I^ili Q^iSj/^j = 6„, then 



that is, 



E 9 (("j* + + 13,) ~ a,g,a* - I3*g,p,) = 6, 



So 



where a ^ \\ Ejli \{a* + + and b = \\ Y.%i + */3,)*H + 

Since 0„ G G„ and F^'^) e Ao(G,Mfe), we obtain 
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and 



From these, we see that J2]Lii^j ® ^kjF^j' {gj){(3j ® Ik) — 0„fc. Therefore, F^'^^ is 
well-defined. 

Proposition 7.6. Denote Aq{K) = {F : F e Ao(G)}. Then for f'^''^ £ Mk{Ao{K)), 
ki e Kn, and on € M„^„^, /?i € M„,^„ satisfying X)™ i < 1" ^'^'^ I]"=i /^^A < 

In, we have 

(m \ m 

1=1 / 1=1 

/n particular, Ao{'K) C ^(K). 

Proof. Direct verification according to definition. □ 
Proposition 7.7. For fC") G Mfc(Ao(K)), iwe rfe/ine 

(m \ m 

1=1 / i=l 

for Xi e R+ and ki G ii'n, i = 1, 2, • • • , m. Then: 

(1) -Fi^'^etia^fc^A) = E"i(a^ ® WFkf {ki){(3, ® U) for h e Kn^ and 

(2) // we denote Lq(K.) = {F : F G Ao(K)}and sii// wzew Lo(K) as equipped 
with the operator space norm || • H" = (|| • determined by the matrix order 
structure on ^(K), then 

||fW||« =sup{||FM(a)|| :cieif„,neN}, 

for F^--) = (Fi''^) e Ao{G, Mr) and r e N. 

Proof. Suppose that X]i=i ~ Sj=i/^j'*j with fci,ft.j G iir„ and G K^, 

z = 1, 2, • • • , m, j = 1, 2, • • • , L Let i A» + E'=i A'j = « > 0. Then J2T=i = 



f /ij. Since 0„ G if„, Elli ^F^^\h) = E;=i f ^;'."'(^) by Proposition 
O that is, Elli = Y.)=i HFn\hj). Thus pC^' = (Ff^) is well- 

defined. 

For ki G and G Mn^m, Pi G Mm^n, * = Ij 2, • • • , m, we denote 



max ■ 



= 6. 



Then 



< 



VvS + i/ \^Ti 



ft 
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By Proposition 17. fil 



YZl{0^^®WFi^^\ki){P^®lk) 



"b+T 

lk)F^''\h)iP,(g,lk) 



This proves (1). 

For F('') £ Aq{K, Mr), we have 



IfwiiE 



||fW|1« =inf<|t>0 

inf |t > : 

sup{\\Fi''\~a 



^j(r) -p(r) 

t(l„(g)l^) Fi''\d) 
: a e K„,n G N}, 



> 



> 0, a e Kn,n e N 



and (2) follows. 



□ 



Theorem 7.8. Let (V, 1) be a matrix order unit space, and let C ~ {L^) he a 
matrix Lip-norm on (V, 1) which is closed. Denote 

if„ - {a G A/„(v) : Z„(a) < 1}, 

and set K = {Kn). Then (V,>C) is naturally completely isometrically isomorphic to 
the dual operator space of Aq{K.). 

Proof. Let || • = (|| • \\l^) be the operator space norm on A(K). Clearly Aq{K.) is 
a self-adjoint subspace of ^(K). Let Ao(K)^ be the operator space dual of Ao(K) 
with the dual operator space norm || • \\^ = (|| • W]^. For a S V, we define 

r(5)(FW) = A^'-)(5), 

where F'^''^ G Mr{Ao{K.)). By Proposition !?.?! r is well-defined and T(a) is linear. 
If we choose t > Li{d), then 



-(a)(F(^ 



tPi"-^ 



< t\\F'- 



'■)||tl 



for Ft'') G MriAoiK)). So T{a) G Ao(K)T and \\T{a)\\l < Li{a). From Proposition 
!?■?! we see that r is linear. 

To see injectivity, let (V)* be the dual Banach space of V, and then observe that 
/ G (V)* defines an element in A(K) determined by the linear mapping a G V i — > 
/(a). If r(a) = t(6) for a, 6 G V, then in particular /(a) = f(b) for all / G (V)*, 
which again implies that a — b, since V* separates points in V. 

For a = [a^-] G M„(V) and F^'') G Ao(K, Mr), we have 

r„(a)(FW) - «FW,[T(a„)]»-[«FW,T(a„)»] 

for e > 0. So ||T„(a)(F('-))|| < L„(a)||F('')||f., that is, ||r„(a)||T < Z„(a). Especially, 
Tn{Kn) C Af„(Ao(K)T)||.||T<^, where M„(Ao(K)T)||.||T = {/ G M„(Ao(K)T) : 

||/||I< 1}. Since for fci,A:2"Gif„, 

||(r„(fci)-r„(fe))(FM)|| = - F/:^^)!!, 
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T„ is continuous from Kn to M„(74o(K)T)j| yt ^-^ with the point-norm topology. Kn 
is compact imphes that r„(_ftr„) must be compact for the point-norm topology. 
Assume that fQ=fQE M„(yl.o(K)T)|| ||T <]^\T„(iir„). By the matricial separation 

theorem, there is a continuous linear mapping $ : Ao(K)T i — > M„ such that 

Re$r(Tr.(fc)) < 1„ (8) Ir 

for all /c e f e N, and 

R.e$„(/o) ^ 1„ ® 1„. 
Identifying $ with F^") G Af„(Ao(K)) = Ao(K,M„), this means that 

for aU k e Kr, r € N, and 

« fo, ReF(") Re « F^") »^ 1„ ® 1„, 

since fo is self-adjiont. It is clear that ReF^"^ g M„(^o(K)), and the first in- 
equality and Proposition 17. 71 sav that ||ReF(")||^ < 1. The second inequality im- 
plies that ll/ollJi > 1, contradicting that fo S M„(Ao(K)^)||.jjT <-;^. Now suppose 

fo 
/o _0 

kii 



that fo e M„(Ao(K)T) T<i. Then 



M2„(Ao(K)T) 



<i 



So there is an element 



T2n 



k2i 



is self-adjoint and belongs to 
e such that 



fcl2 
^22 





kii 


ki2 




■ fo' 


( 


k2i 


k22 


)- 


Jo 



Thus fo = r„(fci2) e Tn{Kn). Therefore, T„(i4:„ 



M„(Ao(K)T) 



T<]^. Conse- 



quently T is a completely isometric isomorphism of (V, C) onto (j4o(K)^, || • ||^) 
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